On graphs containing many subgraphs with the same number of edges by Širáň, Jozef
Mathematica Slovaca
Jozef Širáň
On graphs containing many subgraphs with the same number of edges
Mathematica Slovaca, Vol. 30 (1980), No. 3, 267--268
Persistent URL: http://dml.cz/dmlcz/136244
Terms of use:
© Mathematical Institute of the Slovak Academy of Sciences, 1980
Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.
This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz
Matri. Slovaca 30,1980, No. 3, 267—268 
ON GRAPHS CONTAINING MANY SUBGRAPHS 
WITH THE SAME NUMBER OF EDGES 
JOZEF SiRAN 
J. Bosak (oral communication) proposed to study the following question: Given 
a graph G with n vertices such that each two induced subgraphs of G with k 
vertices have the same number of edges, does it necessarily imply that G o r G (the 
complement of G) is complete? 
The theorem below shows that the answer to this question is positive for n tS4 
and each k satisfying 2^k^n — 2. 
All graphs discussed in this note are finite, undirected, without loops and 
multiple edges. When speaking about a subgraph of a graph G we always mean the 
subgraph induced by a subset of the set of all vertices of G. All other terms are used 
in the usual sense (cf. [1]). 
Theorem. Let G be a graph with n vertices, n^4. If there exists an integer k, 
2^k= -2 such that each two subgraphs of G with k vertices have the same 
number of edges, then G or G is complete. 
Proof. Suppose that each subgraph of G with k vertices has q edges. Choose an 
arbitrary subgraph H of G with k + 1 vertices and h edges. Obviously H is regular, 
since all its subgraphs with k vertices have the same number of edges. The sum of 
the numbers of edges of all k + 1 such subgraphs of H is equal to (k + l)q. On the 
other hand, each edge of H is contained in exactly k - 1 point-deleted subgraphs of 
H, and we immediately obtain the equality (k + l)q = (k-l)h. Thus, we have 
proved that each two subgraphs of G with k + 1 vertices have the same number of 
edges. Now we may assume (by induction) that each two subgraphs of G with n — 1 
vertices are regular and have the same number of edges. Then G is regular, too. Let 
d denote the degree of each vertex of G. If 1 ^d^n - 2, there would exist three 
vertices u, v, w such that uv is an edge of G and uw is an edge of G. But in this 
case the degree of the vertex v in G — u would be d — 1, whereas the degree of w in 
G — uisd. This is a contradiction because G — u is regular. Thus d = 0 or d = n — 1 
and the proof is finished. 
Note that putting in our theorem k = n — 1 we can only claim that G is an 
arbitrary regular graph. The cases k = 1 or k = n are trivial. 
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ГРАФЫ СОДЕРЖАЩИЕ 
МНОГО ПОДГРАФОВ С ОДИНАКОВЫМ ЧИСЛОМ РЕБЕР 
Йосеф Ширань 
Резюме 
В статье доказана следующая теорема: Пусть С7-граф с п вершинами, п ^ 4 . Если существует 
натуральное к, 2^=к^п—2 такое, что любые два А;-вершинных подфафа фафа С имеют 
одинаковое число ребер, то С или О является полным фафом. 
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